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Abstract-A crack in a strip of Functionally Gradient Material mathematically modeled by a
nonhomogeneous solid with the prescribed surface temperature is studied. The crack faces are
supposed to be completely insulated. It is assumed that all material properties depend only on the
coordinate y (perpendicular to the crack faces) in such a way that the properties are some exponential
functions of y. By using the Fourier transform, the thermal and mechanical problems are reduced
to two systems ofsingular integral equations, respectively, which are solved numerically. The results
show that by selecting the material constants appropriately, the stress intensity factors can be
lowered substantially. The crack close to the cooling side of the strip will be more likely to be stable
than that close to the heating surface.

I. INTRODUCTION

It is well known that in aerospace engineering, many structural components are subject to
severe thermal loadings which give rise to intense thermal stresses in the components
especially around cracks and other kinds of defects. The concentration of stresses around
defects often results in catastrophe. In recent years, the concept of so-called Functionally
Gradient Materials (FGM) has been introduced and applied to the development of struc­
tural components. The advantages of FGM materials are that the material can resist high
temperatures effectively and, at the same time, thermal stresses in the material could be
relaxed significantly (Noda and Tsuji, 1990; Arai et al., 1991). The interest in FGM research
is growing rapidly due to these advantages.

From the viewpoints of applied mechanics and heat conduction, FGM materials are
nonhomogeneous solids. Thus the nonhomogeneous continuum theories offer the basis for
evaluating the mechanical and thermal properties of FGM. There are only a few papers
which have studied the nonhomogeneous problem and most of them studied the case of
applied mechanical loading. Erdogan and Delale (Delale and Erdogan, 1983, 1988;
Erdogan, 1985) solved some problems for nonhomogeneous elastic materials with cracks
subjected to mechanical loadings. Noda and lin (Noda and lin, 1992; lin and Noda,
1992a, b) studied the crack problems in nonhomogeneous thermoelastic solids under steady
thermal loadings. They found that the thermal stress intensity factors (SIFs) can be lowered
by selecting the material constants appropriately.

In this paper, a crack in a strip of a Functionally Gradient Material mathematically
modeled by a nonhomogeneous solid with the prescribed surface temperature is studied.
The crack faces are supposed to be completely insulated. It is assumed that all material
properties depend only on the coordinate y (perpendicular to the crack face) in such a way
that the properties are some exponential functions of y. By using the Fourier transform,
the thermal and mechanical problems are reduced to two systems of singular integral
equations, respectively, which are solved numerically. Detailed results are presented to
illustrate the influence of the nonhomogeneity of the material on the temperature dis­
tribution and the stress intensity factors.

2. BASIC EQUATIONS

The basic equations of plane thermal stress problems for nonhomogeneous isotropic
elastic bodies are the equilibrium equations (in the absence of body forces) :
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O(Jx O(Jxv O(Jxy O(Jy
OX + oy = 0, OX + oy = 0, (1)

the strain-displacement relations and the compatibility condition:

the constitutive law:

2(I+v)
Bxy = E (JxV'

and the heat conduction equation (steady-state without heat generation) :

o(OT) 0( OT)
ox k ox + oy k oy = 0.

(2)

(3)

(4)

(5)

In eqns (4) and (5), E, v and IX are the Young's modulus, the Poisson's ratio and the
thermal expansion coefficient, respectively, and k is the heat conductivity.

As shown in Fig. I, consider an infinite strip containing a through crack with its length
being 2c and denote by (x, y) the rectangular coordinate system with its origin at the middle
point of the crack face and x direction along the crack line. It is assumed that uniform
temperatures are maintained over the stress-free boundaries, and the crack faces remain
completely insulated. The boundary conditions, therefore, are

(JXy=(Jy=o, y=O, Ixl~c,

(Jxy = (Jy = 0, y = -a and b, Ixl < 00,

(J~fJ -+ 0,

(JxY(x,o+) = (Jxy(x,O-),

(Jy(x, 0+) = (Jy(x, 0-),

u(x,O+) = u(x,O-),

v(x, 0+) = V(x, 0-),

Ixl > c,

Ixl > c,

Ixl > c,

Ixl > c,

(6)

(7)

y

.c
L C C _I

I I x

c

Fig. 1. Crack geometry and coordinates.
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for mechanical conditions and

T= Ta , Y = -a, Ixl < 00,

T = 0, Y = b, Ixl < 00,

aToy = 0, Y = 0, Ixl ~ c,
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(8)

T(x,O+) = T(x,O-),

oT(x,O+) oT(x,O-)

oy oy

Ixl > C,

Ixl > C, (9)

for thermal loading conditions. Here the temperature at y = b is taken to be zero without
loss of generality.

FGM materials are usually mixtures of ceramics (which have poorer heat conductivity
and lower thermal expansion) and metals (which have higher toughness and better heat
conductivity) for resisting high temperatures and relaxing thermal stresses. Hence, from
the above thermal loading conditions, it is reasonable to suppose that the material possesses
the following nonhomogeneous properties:

E = EoePY ,

v = vo(l +Ey) ePY , (10)

(11)

where Eo, vo, cxo, k o and E, p, y, £5 are material constants. The function v(y) given by (10) is
subject to the restriction that °~ v(y) ~ 0.5 for the region of y considered in this paper.
The mechanical properties (10) have been used by Delale and Erdogan (1988).

Let F(x, y) be the Airy stress function, then the stresses are expressed in terms of F as

(12)

By substituting (12) into the compatibility condition (3) through the constitutive law (4)
and eqns (10), we obtain:

(13)

where

is the two-dimensional Laplacian operator. The substitution of (11) into (5) yields

(14)

By referring to the dimensionless variables:
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O":p = O"op/(Eo!Y.oTa),

F* = F/(Eo!Y.oTac2),

(u*, v*) = (u, v)/(!Y.oTac),

e:p = eop/(!Y.oTa),

(x*,y*,a*,b*) = (x,y,a,b)/c,

T* = T/Ta,

({3*,)I*, (j*) = ({3,)I, (j)c, (15)

the governing equations (13), (14) and boundary conditions (6)-(9) have the following
dimensionless forms:

(16)

(17)

O"xy = O"y = 0, y = 0, Ixl ~ 1,

O"xy = O"y = 0, y = -a and b, Ixl < 00,

O"op -.0, x 2+ y2 -. 00,

O"xy(x,O+) = O"xy(x, 0-), Ixl > 1,

O"y(x, 0+) = O"y{x, 0-), Ixl > 1,

u(x,O+) = u(x,O-), Ixl > 1,

v(x,O+) = v(x,O-), Ixl > 1,

T= 1, y= -a, Ixl < 00,

T=O, Y = b, Ixl < 00,

oT-- = 0 y = 0, Ixl ~ 1,oy ,

T(x,O+) = T(x,O-), Ixl > 1

oT(x,O+) _ oT(x,O-) I I
oy - oy , x > 1.

(18)

(19)

(20)

(21)

Here and in the following, the asterisk * of the dimensionless variables is omitted for
simplicity.

3. TEMPERATURE FIELD

The temperature field T(x, y) can be expressed as

T(x,y) = T(I)(y)+T(2)(X,y),

where T(I)(y) satisfies the following equation and boundary conditions:

(22)
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T(I) = I, y = -a,

]'<1)=0, y=b,

and T(2)(X, y) is subject to the relations:

T(2) = 0, Y = -a and b, Ixl < 00,

0]'<2) dT(I)
ay= - dy-, y=O, Ixl ~ I,

. ]'<2)(X,0+) = T(2)(X,0-), Ixl> I

OT(2) (x, 0+) oT(2)(x,O-)
oy = oy , Ixl > 1.

It is easy to find from (23) and (24) that

]'<I)( ) = exp(-oy)-exp(-ob)
y exp (oa) -exp (-ob) .

By applying the Fourier transform to (25), we have:

T(2)(X,y) f: {DI(~)exp( -PI y)+D2(~)exp(-P2Y)} exp( -ix~)d~, y> 0,

T(2) (x, y) = f: {D3(~) exp (-PI y) +D4 (e) exp (-P2Y)) exp (-ixe) de, y > 0,
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(23)

(24)

(25)

(26)

(27)

(28)

in the above expressions, D i ( e) (i = 1,2, 3,4) are unknown functions and Ph P2 are defined
as:

(29)

By substituting (28) into the conditions (26), we can express D/~) (i = 1,2,3,4) as a single
function D(e) and the resulting temperature expressions are:

T(2)(X,y) f: {1-exp[-2p(b-y)J}D(e)exp(-P2y)exp(-ix~)de, y>O,

]'<2)(X, y) = fro P2 - PI exp (-2pb)
-roPt-P2 exp( -2pa)

x {1-exp[-2p(a+y)J}D(e)exp( -pty)exp(-ix~)de, y < O. (30)

Introducing the function ¢(x) :



1044 N. NODA and Z.-H. lIN

It is clear from the boundary conditions (26) that

fI 4>(1) dt = 0 and 4>(x) = 0, x ~ 1.

By substituting (30) into (31) and using the second condition in (32), we get

and

(32)

(33a)

D(~) = 2n~~p(~)f I 4>(t) exp (i~t) dt, (33b)

where Di~) is

P2 -PI exp (-2pb)
Dp(~) = I-exp(-2pb)- ( 2 ) [l-exp(-2pa)]. (34)

PI -P2 exp - pa

By substituting (22), (27) and (30) into the second condition of (26), with D(~) being
expressed by (33b), the singular integral equation for 4>(x) is derived as follows:

II {_l_ +k(x, t)}4>(t) dt = (f> ) 2nc5 ( c5b)' Ixl ~ 1, (35)
_ I t - x exp a - exp -

in which the kernel k(x, t) is given by

(36)

For solving the integral equation (35), it is first noted that this kind of equation under
the first condition in (32) has the following form of the solution:

cI>(x)
4>(x) = ~' Ixl ~ 1,

V I-x 2
(37)

where cI>(x) is bounded and continuous on the interval [-1,1]. From the properties of
symmetry, it is seen that 4>(x) = -4>( -x). Then the unknown function may be expressed
as follows:

(38)

where T2n_I(X) are the Chebyshev polynomials of the first kind. The first condition in (32)
is now satisfied automatically. The substitution of (38) into (35) yields the following
functional equation for unknown coefficients an :
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00 2nb
L an[nU2n_2(X)+Hn(x») = (b ) (bb)' Ixi ~ I, (39)

n = I exp a - exp -

where U2n - 2(X) are the Chebyshev polynomials of the second kind and Hn(x) are given by:

(40)

To solve eqn (39), both sides of (39) are expanded into series of Chebyshev polynomials of
the first kind. By comparing the coefficients and truncating the series at the Nth term, we
obtain

N

L an [Fmn +Gmn) = Rm, m = 1,2, ... ,N,
n=1

where

{
I, I ~ m ~ n,

F =mn 0, m > n,

-~f· Hn(x)T2m _2(x)dx
Gmn - 2 ~

n ~I V l-x2

2b
R. = , Rm = 0, 2 ~ m ~ N.

exp (ba) -exp (-bb)

Once ¢(x) is obtained, the temperature field can be easily calculated.

4. THERMAL STRESSES

(41)

(42)

4.1. Airy stress function
Considering the temperature expressions (27) and (30), the governing equation for the

Airy function F becomes:

o o2F
V 2V 2F - 2{3 oy (V 2F) + {32 oy2 =

- Loooo {[(2Y-b)Pl _y2) exp [-2p(b-y») -[(2y-b)P2 _y2]}D(~)

x exp [({3+y-P2)Y- ix~) d~ +exp [({3 +y)y)[y2 exp (-bb)

_(b-y)2 exp (-by»)j[exp(ba)-exp(-bb»), y > 0, (43a)

o o2F
V

2
V 2F-2{3 o/V

2
F)+{32 oy2 =

-foo P2 -PI exp (-2pb) {[ _ (2y-b)PI +y2)
-ooPI -P2 exp (-2pa)

+ [(2Y-b)P2 _y2) exp [-2p(a+y)]}D(~)exp [({3+y-p.)y-ix~)d~

+exp [({3+y)y][y2 exp (-bb) - (b _y)2 exp (-by»)j[(exp (ba) -exp (-bb»), y < O.

(43b)

The general solution of (43) can be expressed as

$AS 3O:8-t
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F(x,y) = f: {(BI+B2y)exp(2sy)+(B3+B4y)}exp(-s2y-ix~)d~

-L: {CII exp (2py) +Cd exp [({3+Y-P2)Y -ix~] d~ -J;,(y), y > 0, (44a)

F(x, y) = LC(JC(J {(A I +A 2y) exp (2sy)+(A 3+B4y)} exp (-s2y-ix~) d~

- LC(JC(J {C21 + C22 exp (-2py)} exp [({3+Y-PI)y-ix~]d~-J;,(y), y < 0; (44b)

in the above expressions, Ai(~) and Bi(~)(i = 1,2,3,4) are unknown functions, Sl> S2 are

{3 {3
SI = -2- s, S2 = -2+ s,

and Cij(i, j = 1, 2) and J;,( y) are given by

s = J~2+ ~2 (45)

(46)

CII (~) = [({3 +y -PI)(Y-PI) - ~2] - 2[(2y -b)PI _y2]exp (- 2pb)D(~),

Cd~) = [({3+Y-P2)(Y-P2)-~2]-2[_(2y-b)P2+y2]D(~),

P2 -PI exp (-2pb)
CI2(~) = [({3+Y-PI)(Y-PI)-e]-2[-(2Y-b)PI+y 2] ( 2 )DW,

PI-P2exP - pa

2 -2 2 P2-Plexp(-2pb)
Cn<~) = [({3+Y-P2)(Y-P2)-~] [(2y-b)P2-Y] ( 2 )exp(-2pa)D(~),

PI-P2exP - pa

.( ) = {exP [({3+Y-b)y] _ eXP [({3+y)y-bb]}!{ (~)- (-~b)}
Jp Y ({3+y-b)2 ({3+y)2 exp ua exp u .

4.2. Stresses
By substituting the Airy function (44) into (12), the following stresses are obtained:

(1) 0 < y < b

fIx = L: {[-2s)B2+si(B I+B2y)] exp(2sy)

+ [-2s2B4+S~(B3 +B4y)]} exp (-s2y-ix~) d~

- LC(JC(J {({3 +y - PI)2CII exp (2py) + ({3 +y - P2)2C 12} exp [({3 +y - P2)Y- ix~] d~ - f;(y),

fIy = f-C(JC(J -e{(BI+B2y) exp (2sy) + (B3+B4y)} exp (-s2y-ix~) d~

-f-: _~2{CII exp (2py)+C 12 } exp [({3+Y-P2)y-ix~] d~,

fIxy = LC(JC(J i~{[B2 -s) (B) +B2y)] exp (2sy) + [B4-s2(B3+B4y)]} exp (-s2y-ix~) d~

- f-C(JC(J i~{ ({3 +Y-Pl)CII exp (2py) + ({3 +Y-P2)C 12 } exp [({3 +y -P2)Y- ix~] d~; (47)
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(2) -a < y < 0

ax =1: {[ -2s1A 2+sT(A I +A 2y)] exp (2sy)

+ [-2s2A 4+S~(A3 +A 4 y)]} exp (-s2y-ix~)d~

-1: {(fJ+Y-PI)2C 21 exp (2py) + (fJ+Y-P2)2Cn } exp [(fJ+Y-P2)y-ix~]d~-f;(y),

ay = 1: -~2{(Al+A2y)exp(2sy)+(A3+A4y)}exp(-s2y-ix~)d~

-1: _~2{C2l exp (2py) + Cn } exp [(fJ+Y-P2)y-ix~]d~,

axy = 1: i~{[A2 -sl(A I+A 2y)] exp (2sy) + [A 4-s2(A 3+A4y)]} exp (-s2y-ix~)d~

-1: i~{ (fJ +y - PI)C21 exp (2py) + (fJ +Y-P2)Cn } exp [(fJ +y -P2)Y- ix~] d~. (48)

4.3. Displacement
By substituting (2) into (4) and considering (10) and (15), we obtain

au
ax = [-vo(1+6y)ay+exp(-fJy)ax]+exp(yy)T,

ov
oy = [-vo(1+6y)ax+exp(-fJy)ay]+exp(yy)T,

au ov
oy + ax = 2[vo(1 +6y)+exp (-fJy)]axy . (49)

Denoting the jumps of displacements across the line y = 0 by [u] and [v], then from (49)
and the boundary conditions (18) and (19), we can deduce

o[u]
ax = [axl+[T],

02[V] [ a ]
ox2 = - oy {exp(-fJy)ax} -y[T], (50)

where [aa/il and [T] denote the jumps in stresses and temperature across y = 0, respectively.
By substituting (22), (27), (30) and (47), (48) into (50) and integrating the second relation
about x, we obtain:

-(fJ+y-PI)2(Cll - C21 ) - (fJ+Y-P2)2(C I2 -Cn)+Dp(~)D(~)} exp (-ix~)d~,

o[v] foo i { 2 2
ax = -00 -~ -(fJ+Sl)Sl(BI-AI)+(3sl+2fJSI)(B2-A2)

- (fJ +s2)s~(B3 - A 3) + (3s~ + 2fJS2)(B4-A4) - (fJ +Y-PI)2(Y-PI)(CI1 - C21 )

- (fJ +Y-P2)2(y - P2)(C I2 - C n ) +yDp(~)D(~)} exp (- ix~) d~. (51)
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4.4. Integral equations
We now introduce two functions t/J I(t) and t/J z(t) :

o[u] a[v]
t/JI (x) = ox' t/Jz(x) =--a;'

From the conditions (19), we know that

fl t/J/t)dt = 0, i = 1,2

and

t/Ji(X) = 0, i = 1,2, x ~ 1.

(52)

(53)

(54)

By using the Fourier inverse transform to (51) and noting the definition (52) and condition
(54), we can obtain

- (jJ+sI)sf(B I - A I) + (3sf +2jJsI)(Bz - A z) - (jJ +sZ)S~(B3 - A 3)

+(3s~+2jJsz)(B4-A4)-flo(~) = 2i~ II t/Jz(t)exp(-i~t)dt,
n _I

(55)

where f9m and fl0(~) are given in Appendix B. By substituting (47) and (48) into the
boundary conditions (18) and (19), six relations satisfied by the eight unknowns Ai(~)' Bi(~)

(i = 1,2,3,4) can be obtained, see eqn (AI). We also get the following equations from (18)
and (19):

L: ~Z{A I +A 3-f7(~)} exp (-ix~) d~ = 0, Ixl:::;; I,

fO", i~{Az-sIAI +A4-szA3-f8(~)}exp(-ix~)d~ = 0, Ixl:::;; I, (56)

where f7(~) and f8(~) are given in Appendix B. Combining (55) and (56), with the help of
(AI), the integral equations for t/JI(X) and t/Jz(x) are obtained as follows:

(57)

in which

LI(x) = 2n L"'", i~llmexp(-ix~)d~, Ixl:::;; 1,

L 2(x) = -2nL: ~Zlz(~)exp(-ix~)d~, Ixl:::;; 1,

1
1
m = _ H II (jJgl +2gz)+HI2(s~ -SI)(S2g1 -gz) -G],

(SZ-Sl)
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12(~) = - H 21 (f3g 1+2g2)+H22(S23-S\)(S~\-g2) -G
2
,

(S2- S\)

k1\(x,t) =f' (1+4~fll)sin(x-t)~d~,

k 22 (x,t) = f' (1+4~2f22)sin(x-t)~d~,

k I2 (X,t) =110

4~fI2cos(x-t)~d~,

k 21 (X,t) = -f) 4~2f21cos(x-t)~d~, -1 ~x, t~ 1,
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(58)

(59)

in (58) and (59), gj(~), Gjm (i = 1,2) and Hijm, ];j(O (i,j = 1,2) are given in Appendix
B.

According to Erdogan et al. (1973), the integral equations of the form (57) and (59)
have the following form solutions:

.1,.( ) = 'PJx) . 1 2 I I 1
'1', X ~,l = " x ~ ,

V l-x2

where 'Pj(x) are continuous bounded functions in the interval [-1,1].

(60)

S. STRESS INTENSITY FACTORS

In order to obtain the stress intensity factors, we first derive the expressions of singular
stresses ahead of the crack. The singularity of stresses is only due to the asymptotic nature
of the integrands in (47) and (48) for large values of the integration variables ~. Considering
this and with the help of (55), (60), (AI) and the asymptotic formula (Gradshteyn and
Ryzhik, 1965) :

f,pexp (i(ll dl ~ J2~1 {'I',(ll exp [{(- '121)]
-'Pj ( -1) exp [-{~- n1~1)J+oC~I)}' (61)

we can obtain the expressions for the singular stresses from (47) near the crack tip (1,0)
just ahead of the tip as follows:

Making use of the well-known formulae

f' ~{Sin(C~)'cOS(C~)} d~ = {!fe, !fe}, c > 0,

the singular stresses ahead of the crack tip can be obtained :

(62)

(63)
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o=I,b=2

--8=0
----8 =1.0
---8=2.0

T( x ,0-)

1.0

0.2

\
\

, }---------

~:~'?-._----
----oF=-==---.,.::----c--.,.-,

0.5 1.0 1.5 x 2.0

crack I
Fig. 2. The temperatures on the crack faces and the crack extended line (x> 1, y = 0), (a, b) = (1,2).

x> 1, (64)

where the dimensionless stress intensity factors K1 and KII are

(65)

6. NUMERICAL RESULTS AND DISCUSSIONS

6.1. Temperature field
The temperatures on the crack faces and the crack extended line (y = 0, x> I) for

(a, b) = (1,2) and (2, I) and different 8 are depicted in Figs 2 and 3. The following
two facts can be observed. Firstly, the temperatures decrease with the increase of the
nonhomogeneous parameter 8, and secondly, the temperature jumps across the crack faces
are smaller when the crack is closer to the cooling side of the strip, i.e. (a, b) = (2, I), than
the heating side, i.e. (a, b) = (I, 2).

o=2,b=1

1.0 --8 =0
.... ----8 =1.0

0.8 --- 8 =2.0

0.6

0.4

0.2

1.5 x 2.0

crock

Fig. 3. The temperatures on the crack faces and the crack extended line (x> 1, y = 0), (a, b) = (2, I).
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8=1.0,o"l,b=2

1.4

-2.8

--r=0.05
---- r = 0.2
--- r= 0.8

--~-----KIl/KIl

-3.6
Fig. 4. The effect of the nonhomogeneous parameters {3, l' and {) on SIFs, (a, b) = (1,2).

6.2. The effect of the nonhomogeneity of the material on the stress intensity factors
The stress intensity factors (SIFs) can be obtained once we get the solutions of the

integral equations (57). The numerical technique used here is the same as that in Section 3
for the temperature field.

In the homogeneous case (/3, y and b are all zero), the calculated values of K)
and Ku are KP = 0.01174, Kg = -0.05037 for (a, b) = (1,2) and KP = -0.01174,
Kg = -0.05037 for (a, b) = (2, 1), respectively. It should be noted that no results of this
homogeneous problem have been reported in the literature.

The effect of the material nonhomogeneous parameters, /3, band y on the SIFs for
(a, b) = (1,2) are depicted in Figs 4-5. It is clear that the Mode II SIF Ku is relatively
insensitive to /3, y or b, whereas the Mode I SIF K) is dramatically affected by /3. K) vary
from the positive values KP at /3 = 0 to negative values about three times those of - KP at
/3 = - 3. This means that the comprehensive stress intensity near the crack tip will probably
decrease with the decrease of /3. In Figs 6 and 7, the effect of /3, J and y on the maximum
of the cleavage stress (J8 near the crack tip which roughly characterized the nature of crack
initiation under mixed mode fracture are shown. It appears that the maximum values can
be lowered significantly by decreasing /3. The direction of crack initiation, Om, at which the
cleavage stress (J8 around the crack tip takes the maximum value is depicted in Fig. 8. Since
the direction is not sensitive to the parameter y, only the results of y = 0.2 are presented.
It appears that the crack will tend to grow toward the less stiff side of the solid and in a
direction nearly perpendicular to the crack face. For (a, b) = (2, 1), i.e. the crack is closer

8 =2.0. a =I , b .. 2

o~ 1.4
"-
~

-- r=0.05
---- r" 0.2
_.- r= 0.8

-25 13-3.0-2.0

-3.6

-2.8

1.0 JO-~-- ...._...._...._...,-==__=-=..._=--_
"'-"-0-._-'--

Kll/Ka

Fig. 5. The effect of the nonhomogeneous parameters {3, l' and {) on SIFs, (a, b) = (I, 2).
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0.6

8 = 1.0 • a =I t b=2

--"1"=0.05
--- "1"=0.8

0.4 0-I. -1.5 -2.0 -2.5 f1-3.O

Fig. 6. The effect of fl, y and b on the maximum cleavage stress (To, (a, b) = (1,2).

" 1.4
8 =2.0 • a =I • b=2..

~ -- "1"=0.05o~, 1.2 -'-"1"= 0.8

J 1.0
~

0.8

0.6
'---"':'-'-'-0.4

-2.0-1.0 -1.5 -2.5 f1-3.O

Fig. 7. The effect of fl, y and b on the maximum cleavage stress (To, (a, b) = (1,2).

9~ _
------

~ t=.=.-.::::-.::::-:.:-:.::.:~----

"1" =0.2 t a =I t b =2

--8 =1.0
----8 =2.0

== Ae

-2.5 f1-3.O-2.0
00+-_-,-__.---_---,-_---.,
-1.0 -1.5

Fig. 8. The effect of fl, y and b on the direction of crack initiation 8m , (a, b) = (1,2). For the
homogeneous medium, 8m is 66.15.

to the cooling side of the strip, the results are depicted in Figs 9-13. In this case, the
maximum of the cleavage stress (To can be lowered more substantially than the case of
(a, b) = (1,2) by decreasing fl. It seems from these results that the crack closer to the
cooling side of the strip will be more stable than that closer to the heating surface.

From Figs 4 and 5 and Figs 9 and 10, we know that K, is negative for the non­
homogeneous material in the range of fl considered in this paper. In fact, there exist values
of fl at which KI becomes zero and when fl becomes smaller (negative larger), K, becomes
negative so that the contact of the crack faces would occur. The results presented here
without considering this effect may not be exact but would be more conservative. Since the
contact of the crack faces will increase the friction between the faces and make heat transfer
across the crack faces easier, the stress intensity factors would be lowered by these two
factors.
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8=1.0,0=2,b=1

0:.c 2.2
.....
:.c

1.8

-- r=0.05
---- r= 0.2
--- r= 0.8

-----------
I1.0

-1.5 -2.0 -2.5 /3-3.0

Fig. 9. The effect of the nonhomogeneous parameters p, l' and b on SIFs, (a, b) = (2, I).

8=2.0 ,0=2 ,b=1

-- r=0.05
---- r= 0.2
--- r=0.8

--------

0.6

0.4 ./'

-2.5 /3-3.0-2.0-1.5

0.2*:r::__~-_=~..._==""'_':=-':::::'=:-~_-=-

Fig. 10. The effect of the nonhomogeneous parameters P, l' and b on SIFs, (a, b) = (2, I).

8 =1.0 , 0 =2, b = I

\ -- r=0.05
\ ---r=0.8

\.
"-..O.4r-"""---=::::-=_===_=-=--._-

0.2

0+-----.------.--..,......---,
-1.0 -1.5 -2.0 -2.5 /3-3.0

Fig. II. The effect of p, l' and b on the maximum cleavage stress tJo, (a, b) = (2, 1).
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J 1.0

'bCD

-:;:: 0.8

J
CD 0.6
~

8= 2.0.a=2.b=1

--Y=0.05
_.- Y=0.8

0.4

0.2

-2.0-1.5~1.0 -2.5 P-3.0

Fig. 12. The effect of p, y and <5 on the maximum cleavage stress (Jo, (a, b) = (2, I).

o
100

cS -----------------
80

0

Y =0.2. 0=2 • b=1

--8=1.0
---- 8 =2.0

=

-1.5 -2.0

Fig. 13. The effect of p, y and <5 on the direction of crack initiation Om, (a, b) = (2, I). For the
homogeneous medium, Om is 75.03.
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APPENDIX A

The equations satisfied by the unknown functions A;(~) and B;(~) (i = 1,2,3,4) :

(B, +bB2)exp(-s,b)+(B3+bB.) exp( -S2b) = I,W,

[B2-s, (B, +bB2)] exp (-s,b) + [B. -s2(B3+bB.)] exp (-S2b) = 12(~)'

(A, -aA2) exp (s,a) + (A 3-aA.) exp (S2 a) = 13(~)'

[A 2-s,(A, -aA 2)] exp (s.a) +IA. -s2(A 3-aA.)] exp (S2 a) = I.W,

B,-A.+B3-A3 =15(~)'

B2-A2+B. -A. -s,(B, -A,)-S2(B3-AJ) = 16W,

where the functions /;(~) (i = 1,2, ... ,6) are given in Appendix B.

APPENDIX B

Functions used in Section 4 :

1055

(AI)

h"W = -s, +exp( -2sa)[s, +2as2s],

hd~) = I-exp(-2sa)[I-2as(l- as2)]'

h2,(~) = I-exp (-2sa)[1 +2as],

h22(~) = 2a2sexp( -2sa), (BI)

H,,(~) = (h"d" +h. 2d2,)/DA,

Hn<~) = (h ll d'2+ h'2d22)/DA,

H2'(~) = (h 2,d" +hn d2.)/DA,

HnW = (h2,d'2+h22dn)/DA, (82)

d,,(~) = exp [-2s(a+b)][I-2s(a+b)(l-2as) -(I-2as+4a2s2) exp (-2sb)]

+exp (-2sb)(l +2bs+4b2s2) -1,

d'2(~) = 2sexp [-2s(a+b)][(a+b)(a-b-2abs)-a2exp (-2sb)] +exp (-2sb)2b2s,

d2,(~) = 4s2exp [-2s(a+b)][a+b-aexp (-2sb)]-exp (-2sb)4b 2s,

dn<~) = exp [-2s(a+b)][(1 + 2as) (1 +2bs-exp (-2sb) +4b2s2]+ (I-2bs) exp (-2sb) -1,

DA~) = 1-2[1 +2(a+b>'s2]exp [-2(a+b)s]+exp [-4(a+b)s], (83)

I,,(~) = [-f3H" +S2(S,-S2)H12l(s,-S2)-3,

II2W = [-2~H" -~(s, -s2)Hul(s, -S2)-J,

12'(~) = [-f3H2I +S2(S,-S2)H22 ](S,-S2)-3,

In(~) = [-2~H2' -~(s. -s2)Hn ](s, -S2)-3, (84)

g,W = SU5 +2S,[6 +/9'

g2(~) = (2s2+f3)SU5 + (3s2+2f3)S,[6-/,o,

gJW = exp (-S2a)[(l-as2)/. -asUJ]-/8'

g.(~) = exp (-S2a)[(l +as2)/J +;if.]-/7'

g5(~) = -exp (s,b)[(l-bs2)/, -bI2]+exp (-s2a-2sb)[(l +as2)/3 +aI4]+exp (-2sb)/5'

g6W = -exp (s ,b)[s,[. +12]+exp( -s2a-2sb)[s,[3 +I.]+exp (-2sb)(s,[5+/6]'

g7(~) = {(I-2as) exp [-2s(a+b)] - (I +2bs)}g, -2s{b2_a2exp [( -2s(a+b)]}g6'

g8W = {(l +2as) exp [-2s(a+b)]-(l-2bs)}g6 -2s{ -1 +exp [( -2s(a+b)]}g" (B5)

G,(~) =gJ+h llg7+h 12g8,

G2W =g.+h2,g7+h22g8, (86)

I, W = C" exp [(f3+y-p,)b] +C'2 exp [(f3+Y-P2)b],

12(~) = (f3+y-p,)C II exp [(f3+y-p,)b] +(f3+Y-P2)C'2 exp [(f3+Y-P2)b],

13W = C2•exp [-(f3+y-p,)a]+C22 exp[-(f3+Y-P2)a],

I.W = (f3+Y-p,)C2, exp [- (f3+y-p,)a] + (f3+Y-P2)C22 exp [- (f3+Y-P2)a],

I,(~) = C,,-C2,+C'2- C22'
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16m = (P+y-p,)(C" -C2t )+({J+Y-P2)(C 12 -Cn ),

17m = C2t +C22 ,

18m = ({J+y-p,)C2, +(P+Y-P2)Cn ,

19m = (P+Y-Pt)2(C" - C2t ) + ({J+Y-P2)2(C'2 - Cn)-Dp(~)D(~),

I,om = ({J +y_p,)2(Y-Pt)(C" - C2,) + ({J+Y-P2)2(Y-P2)(C 12 - C22 ) -yDp(~)D(~). (B7)

In these functions, C t I> C2 1> en are given by (46), D(~) is given by (33b) and Dp(~) is given by (34).


